SHOKUROV'S BOUNDARY PROPERTY 



FLORIN AMBRO 

Abstract. For a birational analogue of minimal elliptic surfaces 
f: X ^ Y, the singularities of the fibers define a log structure 
(Y, By) in codimension one on Y. Via base change, we have a log 
structure {Y',By') in codimension one on Y' , for any birational 
model Y' of Y. We show that these codimension one log structures 
glue to a unique log structure, defined on some birational model of 
Y (Shokurov's BP Conjecture). 

We have three applications: inverse of adjunction for the above 
mentioned fiber spaces, the invariance of Shokurov's FGA-algebras 
under restriction to exceptional Ic centers, and a remark on the 
moduli part of parabolic fiber spaces. 



0. Introduction 

Recall Kodaira's canonical bundle formula for a minimal elliptic sur- 
face f : S —>■ C defined over the complex number field: 



Ks = nKc + Bc + Mc). 

The moduli part Mq is a Q-divisor such that 12Mc is integral and 
Oc{l2Mc) ~ J*Opi(l), where J: C ^ pi is the J-invariant function. 
The discriminant Be = Y^pbpP, supported by the singular locus of 
/, is computed in terms of the local monodromies around the singular 
fibers Sp: bp equals -^^^j |;|;|;i;f5|;|) depending on whether Sp is 
of type mJfe, I^, II, //*, III, III*, IV, IV*, where mh is a multiple fibre 
of multiplicity m, and 6 > 0. Kawamata |jl2|, |13| proposed an equivalent 



definition, which does not require classification of the fibers: 1 — 6p is 
the log canonical threshold of the log pair {S, Sp) in a neighborhood 
of the fiber Sp. The minimality may also be removed: the birational 
changes of 5* over C are controlled by a log pair structure on S. 

The birational analogue consists of data / : {X, B) — > Y , where / is 
a surjective morphism between proper normal varieties and {X, B) is a 
log pair {B is a Q-Weil divisor such that K + B is Q-Cartier), satisfying 
the following properties: 
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(1) {X, B) has Kawamata log terminal singularities over the generic 
point of Y. 

(2) rank/,Cx(rA(X,S)l) = l. 

(3) There exist a positive integer r, a rational function e 
k{X)^ and a Q-Cartier divisor D owY such that 

X + S + = 
r 

We note here that B need not be effective. However, if B is effective 
over the generic point of y, then the technical assumption (2) is implied 
by (1). The discriminant on Y of the log divisor K + B is the Q-Wcil 
divisor By '■= bpP, where 1 — 6p to be the maximal real number t 
such that the log pair {X, B + tf*{P)) has log canonical singularities 
over the generic point of P. The sum runs after all codimension one 
points of Y, but it has finite support. The moduli part is the unique 
Q-Weil divisor My on Y satisfying 

K + B + ^{cp) = f*{Ky + By + My). 

If the base space F is a curve, we recover Kodaira's formula (except 
for effective freeness): 

Theorem 0.1. Let f : {X,B) — > F be a fiber space satisfying (1), (2), (3) 
above, with dim(F) = 1. Then the moduli Q-divisor My is semi-ample, 
i.e. there exists a positive integer k such that kMy is Cartier and the 
linear system \kMy\ is base point free. 

If the base has dimension at least two, the linear system |A;My| is 
expected to have no fixed components for k large and divisible. How- 
ever, |A;My| might have base points, as Prokhorov has pointed out. 
To remove the non-determinacy locus of the expected rational map, 
we should replace / : (X, S) — > y by a birational base change: if 
f':X' Y' is a fiber space induced via a birational base change 
a: Y' Y, we have an induced data /': {X',Bx') Y', where Bx' 
is defined by fi*{K + B) = Kx' + Bx''. 

(X,B)^{X',Bx') 
f 

^ Y' 

We denote by By and My/ the discriminant and moduli part of 
/': {X',Bx') — ^ Y', respectively. The stabihsation of the moduli part 
after a certain blow-up is our main result: 
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Theorem 0.2. Let f : {X, B) ^ Y be a fiber space satisfying the above 
properties (1),(2),(3). Then there exists a proper birational morphism 
Y' ^ Y with the following properties: 

(i) Ky' + By> is a Q-Cartier divisor, and i'*(Ky' + By') = Ky" + 
By" for every proper birational morphism u : Y" Y' . 

(ii) My' is a nefQ-Cartier divisor and z/*(My/) = My// for every 
proper birational morphism u : Y" —>■ Y' . 



The first part is the positive answer to Shokurov's BP Conjecture p!8| , 
page 92]. Prokhorov and Shokurov [1^ proved (i), by a different 
method, in a special case when X is a 3-fold and y is a surface (they 
also obtain an explicit description of Y'). Modulo (i), the second part 
is a result of Kawamata [|r^, Theorem 2]. It is expected that |/cMy/| 
is base point free for a positive integer k. This is known if the generic 
fibre F of / is a curve and B\f is effective [jlOl , |12| . We have three 



applications of Theorem p.2| : 

(A) By the definition of the discriminant, {X, B) and {Y, By) have 
"similar singularities" [inverse of adjunction holds) only outside a closed 
subset of Y of codimension at least two. We show that inverse of ad- 
junction extends to the whole variety Y, provided that Y is high enough 
(Theorem 



(B) Shokurov [T^ has reduced the existence of fiips to the finite 
generatedness of certain (EGA) algebras which are asymptotically sat- 
urated with respect to a Fano variety [|18|, Conjecture 4.39]. We ob- 
tain a descent property for asymptotic saturation of algebras (Propo- 
sition |6.3| ). To descend the numerical assumptions of the FGA/OLP 
Conjecture, the semi-ampleness of the moduli Q-divisor My/ is re- 
quired (higher codimensional adjunction is expected to hold for the 
same reason). However, the nef property of the moduli part is suffi- 
cient for some applications to the Fano case: we show the invariance of 
(FGA) algebras under restriction to exceptional log canonical centers 
(Theorem |6.5[ ). 

(C) The moduli part of a parabolic fiber space has the expected 
Kodaira dimension, provided that the geometric generic fiber has a 
good minimal model (Theorem [7.2|) . 

The proof of Theorem |0.2| is based on some of the methods developed 



for the proof of litaka's Conjecture Cn,m, especially [0 (see ||T5| for an 



excellent survey). The essential ingredient is the universal base change 
for relative canonical divisors, in the codimension one semi-stable case. 
Some of the applications in (B) are explained conjecturally in 
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1. Preliminary 

A variety is a reduced and irreducible scheme of finite type, defined 
over an algebraically closed field of characteristic zero. An open subset 
[/ of a variety X is called bigii X\U C X has codimension at least two. 
A contraction is a proper morphism f : X such that Oy = f*Ox- 

Let tt: X ^ S* be a proper morphism from a normal variety X, and 
let K e {Z, Q, M}. A K-Wei\ divisor is an element of Z^{X) ®iK. The 
round up (down) divisors {\_D\) are defined componentwise. Two 
M-Weil divisors Di,D2 are K-linearly equivalent, denoted Di D2, 
if there exist qi E K and rational functions G k{X)^ such that 
Di — D2 = ^iqii^i)- An M-Weil divisor D is called 

(i) K-Cartier if D in a neighborhood of each point of X. 

(ii) relatively ne/if D is IR-Cartier and L> • C > for every proper 
curve C contracted by tt. 

(iii) relatively free if D is a Cartier divisor and the natural map 

is surjective. 

(iv) relatively ample if tt is a projective morphism and D belongs 
to the real cone generated by relatively ample Cartier divi- 
sors. 

(v) relatively semi-ample if there exists a contraction $ : X ^ 
Y/S and a relatively ample M-divisor H on Y such that 
D ~]K If D is rational, this is equivalent to mD be- 
ing relatively free for sufficiently large and divisible positive 
integers m. 

(vi) relatively fez^' if there exists C > such that rank7r*(9x("^-D) > 
Cm'^ for m sufficiently large and divisible, where d is the di- 
mension of the generic fibre of vr. 

A divisor D has simple normal crossings if it is reduced and its 
components are non-singular divisors intersecting transversely, in the 
smooth ambient space X. 

Definition 1.1. (V.V. Shokurov) A K-b-divisor D of X is a family 

{Y)x'}x' of -ft'- Weil divisors indexed by all birational models X' of X, 
such that fi^(Dx") = ^x' if A^- AT" — > X' is a birational contraction. 

Equivalently, D = mult£;(D)£' is a i^- valued function on the 
set of all (geometric) valuations of the field of rational functions k{X), 
having finite support on some (hence any) birational model of X. 
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Example 1. (1) Let u he a top rational differential form of X. The 
associated family of divisors K = {{uj)x'}x' is called the canonical 
b-divisor of X. 

(2) A rational function ip G k{X)^ defines a b-divisor {ip) = {{(p)x'}x'- 

(3) An M-Cartier divisor D on a birational model X' of X defines an 
M-b-divisor D such that (-D)x" = for every birational contraction 
/x: X" ^X'. 

(4) For an R-b-divisor D, the round up (down) b-divisors |"D] ([DJ) 
are defined componentwise. 

An M-b-divisor D is called K-h-C artier if there exists a birational 
model X' of X such that Dx' is JC-Cartier and D = D^/. In this 
case, we say that D descends to X' . The relative Kodaira dimension 
k{X/S,Y)) of a i^-Cartier b-divisor D is defined as the the relative 
Kodaira dimension of D^', where X'/S is a model where D descends. 

An R-b-divisor D is h-nef/S {b-free/S, b-semi-ample/ S, b-big/S) if 
there exists a birational contraction X' — > X such that D = Dx', and 
Y)x' is nef (free, semi-ample, big) relative to the induced morphism 
X' S. 

To any M-b-divisor D of X, there is an associated b-divisorial sheaf 
Ox(D). If f/ C X is an open subset, then T{U,Ox(D)) is the set of 
rational functions ip G k{X) (including 0) such that mult £;((</)) -|-D) > 
for every valuation E with cx{E) fl t/ 7^ 0. 

A log pair (X, B) is a normal variety X endowed with a Q-Weil 
divisor B such that K + B Q-Cartier. A log variety is a log pair 
(X, 5) such that B is effective. A relative log pair (variety) {X/S,B) 
consists of a proper morphism n: X ^ S and a log pair (variety) 
structure {X,B). The discrepancy b-divisor oi a log pair [X,B) is 

A(X, B) = K- K + B. 

For a valuation E of fc(X), the log discrepancy of E with respect to 
(X, 5) is a{E] X, B) := 1 + mult£;(A(X, 5)). The minimal log discrep- 
ancy of (X, 5) in a proper closed subset ly C X, is 

a(W;X,B):= inf a(E;X,B). 

cx{E)QW 

The /c places of (X, i?) are valuations such that a{E] X, 5) = 0, 
and their centers on X are called Ic centers. We say that (X, B) has 
log canonical (Kawamata log terminal) singularities if a{E; X, B) > 
{a{E; X, B) > 0) for every valuation E. The non-kit locus LCS(X, 5) 
{non-log canonical locus (X, B)_^) is the union of all centers Cx(-E') of 
valuations E with a(E; X, 5) < (a(E; X, 5) < 0) (see |] for some 
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basic properties). We also denote 

A*iX,B) = AiX,B)+ Yl ^- 

a{E;X,B)=0 

A relative generalized log Fano variety is a relative log variety {X/ S, B) 
such that —{K + B) is ample/S'. 

2. The discriminant and moduli b-divisors 

Definition 2.1. A K -trivial fibration /: {X,B) —>■ Y consists of con- 
traction of normal varieties f : X ^ Y and a log pair {X, B), satisfying 
the following properties: 

(1) {X, B) has Kawamata log terminal singularities over the generic 
point of Y. 

(2) mnkf,Ox{\A{X,B)]) = l. 

(3) There exist a positive integer r, a rational function G 
k{X)^ and a Q-Cartier divisor DonY such that 

K + B + -{ip) = f*D. 
r 

Remark 2.2. The property rank f^Ox{\A{X, B)1) = 1 holds in the 
following examples: 

(a) / is birational to the litaka fibration of a functional algebra 
C which is A(X, i?)-saturated (Lemma |6.2| ). 

(b) {F, B\p) has Kawamata log terminal singularities and i^l^r is 
effective, where F is the generic fiber of /. 

(c) Let W be the normalization of an exceptional log canonical 
centre of a log variety {X,B), and let h: E ^ W he the 
unique Ic place over W. By adjunction, there exists a Q- 
divisor Be such that h : {E, Be) ^ W is a i^'-trivial fibration 
(see i). 

Define By = Xlpcy ^p^^ where the sum runs after all prime divisors 
of Y, and 

l-bp = sup{t eR]^U3 rip, (X, B + tf*{P)) Ic sing/f/}. 

The coefficients bp are well defined, since (X, B) has at most log canon- 
ical singularities over the general point of Y, and each prime divisor is 
Cartier in a neighborhood of its general point. It is easy to see that the 
sum has finite support, so By is a well defined Q-Weil divisor on F. By 
(3), there exists a unique Q-Weil divisor My such that the following 
adjunction formula holds: 

K + B+ -((^) = f{Ky + By + My). 
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Definition 2.3. The Q-Weil divisors By and My are the discrim- 
inant and moduli part of the i^'-trivial fibration / : [X, B) ^ Y. Note 
that Ky + By + My is Q-Cartier. 

The adjunction formula gives a one-to-one correspondence between 
the choices of My and rational functions with Q-coefiicients ^^p such 
that Kf + Bf + jX^If) = 0, where F is the general fibre of /. If My and 
My correspond to -ip and -ip', respectively, then there exists a rational 
function 9 E k{Yy such that ip' = Lpf*9 and rMy = (9) + vMy. The 
smallest possible value oi r is b = b{F, Bf), uniquely defined by 

{m e N; m{KF + Bf) ~ 0} = 6N. 

Unless otherwise stated, we assume that ^ip is fixed, and r = Bf). 

According to the following lemma. By and My are independent of 
the choice of a crepant model of (X, B) over Y: 

Lemma 2.4. Let a: X— X' be a birational map defined over Y , 
and let f : X' Y be the induced morphism. Then there exists a 
unique Q-Weil divisor Bx' such that a: {X,B)— {X',Bx') is a 
crepant birational map. Moreover, {X,B) and {X',Bx') induce the 
same discriminant on Y . 

Proof. There exists a common normal birational model of X and X' 
which makes following diagram commute: 



X' 




X -X' 




Let Kx" + Bx" = fJ,*{K + B) be the log pullback. Since Kx» + Bx" + 
\{(p) = fi'*{f'*D) and fx' is birational, we have Kx" + Bx" = fi'*{Kx' + 
Bx'), where Bx' '■= fi'^{Bx"). Therefore there exists a crepant log 
structure on X'. The uniqueness of Bx' is clear. 

Finally, note that fi*{K + B + tf%P)) = Kx" + Bx" +t{f o ^)*{P) = 
fi'*{Kx' + Bx' + tf'*{P)). Therefore the thresholds 1 — bp induced by 
K + B and Kx' + Bx' coincide. □ 

Let a: Y' ^ Y he a birational contraction from a normal variety 
Y'. Let X' be a resolution of the main component of X XyY' which 
dominates Y'. The induced morphism /x: X' — X is birational, and 
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let {X',Bx') be the crepant log structure on X', i.e. fi*{K + B) = 
Kx' + Bx'-. 

{X,B)^{X',Bx') 

r 

— ^ — r 

We say that the K-trivial fibration /': {X',Bx') Y' is induced by 
base change. Let By be the discriminant of Kx' + Bx' on Y'. Since 
the definition of the discriminant is divisorial and cr is an isomorphism 
over codimension one points of Y, we have By = o"*(i?y/). This means 
that there exists a unique Q-b-divisor B of F such that By/ is the 
discriminant on Y' of the induced fibre space /': {X',Bx') —>■ Y', for 
every birational model Y' of Y. We call B the discriminant Q-b-divisor 
induced by {X, B) on the birational class of Y. Similarly, if we fix the 
Q-rational function ^ip, there exists a unique Q-b-divisor M of F such 
that 

Kx' + Bx' + -(<^) = riKy + By + My) 

r 

for every i^-trivial fibration /' : (X', Bx') Y' induced by base change 
on a birational model Y' of Y. We call M the moduli Q-b-divisor of 
Y, induced by / : (X, B) Y. We restate Theorem |0]^ in terms of 
b-divisors: 

Theorem 2.5. Let f: {X,B) ^ Y be a K -trivial fibration, and let 
tt: Y S be a proper morphism. Let B and M be the induced dis- 
criminant and moduli Q-b-divisors ofY. Then 

(1) K + B is Q-b-C artier. 

(2) M IS b-nef/S. 



We expect Theorem p.5| to hold if we allow M-boundaries and M-linear 
equivalence instead of Q-boundaries and Q-linear equivalence in Defi- 
nition or if {X, B) has log canonical singularities over the generic 
point of Y. In the latter case, the assumption rank f^Ox ( [^(X, B)] ) = 
1 should be replaced by rank f^OxH A* {X, B)]) = 1. 

3. Inverse of adjunction 
Let / : (X, 5) — > y be a /^-trivial fibration. The Q-b-divisor of Y 



is called the divisorial discrepancy b-divisor [0, page 92]. Theorem p. 5| (1) 



is equivalent to the following property: there exists a birational model 
Y' of Y such that A^iv = A(y', By//) for every birational model Y" 



BOUNDARY PROPERTY 



9 



which dominates Y' . As a corollary, inverse of adjunction holds for 
/: (X, B) (y, By), after a sufficiently high birational base change: 

Theorem 3.1. (Inverse of adjunction) Let /: {X,B) —>■ Y be a K- 
trivial fibration such that Adiv = A(y, By). Then there exists a positive 
integer N such that 

^aif-\zy, X, B) < a{Z- F, By) < a{r\Z)- X, B). 

for every closed subset Z dY , where a{Z; Y, By) and a{f^^{Z); X, B) 
are the minimal log discrepancies of{Y, By) in Z , and (X, B) in f^^{Z) 
respectively. 

In particular, {Y,By) has Kawamata log terminal (log canonical) 
singularities in a neighborhood of a point y eY if and only if (X, B) has 
Kawamata log terminal (log canonical) singularities in a neighborhood 

off-\y). 

Proof. The assumption Adiv = A(y, By) means that the Base Change 
Conjecture Section 3] holds for /: (X, B) Y. The claim is proved 
in [0, Proposition 3.4], but with N depending on Z. The possible values 
for minimal log discrepancies of a fixed log pair are finite p. Theorem 
2.3], hence a maximal value N = max^^y N{Z) exists. □ 

Lemma 3.2. Let f : {X,B) ^ Y be a K -trivial fibration such that 
Adiv = A(y, By). Assume moreover that X,Y are non-singular va- 
rieties, and the divisors B, By have simple normal crossings support. 
Then f,Ox{\-B]) = Oy{\-By]). 

Proof By (i), Ox{\A{X,B)]) = Ox{\-B]). Since B has Kawamata 
log terminal singularities over the generic point of Y, we have a natural 
inclusion 

Oy\vCf,Ox{\-B])\v 
for some open subset V C Y. Since rank f^Ox{\A{X, B)]) = 1, the 
above inclusion is an equality, after possibly shrinking V. Thus we 
identify f^:Ox{\—B]) with a subsheaf of the constant sheaf k(Y). We 
first show that f^,Ox{\—B]) C (9y([— By]). Let be a rational func- 
tion of Y such that {f*f) + [— -B] > 0, and let P be a prime divisor of 
Y. We may replace X by some resolution, so that there exists a prime 
divisor Q of X such that f{Q) = P and 

l-multp(By) = l^i^^^^M^, 

mQ/P 

where mq/p is the multiplicity of f*{P) at Q. By assumption, we have 
multQ(/» + 1 - multQ(S) > 0. But multQ(/V) = niq/p ■ mu\tp{ip), 



10 



FLORIN AMBRO 



hence mu\tp{ip) + 1 — multp(By) > 0. Therefore (v?) + [—By] is 
effective at P. 

Conversely, assume (ip) + [—By] is effective, and fix a prime divisor 
Q of X. There exists a birational base change 

f r 
— ^ — r 

such that P := f{Q) is a prime divisor of Y'. We have a*{KY + 
By) = Ky' + By/ by Adiv = A(Y,By). Furthermore, the simple 
normal crossings assumption implies (T,,Oy/( [— By/] ) = Cy([— By]). 
Therefore (ip) + [—By/] > 0, hence mu\tp{ip) + 1 — multp(By/) > 0. 
Since 

l-multp(By)<l^i^^^^i^^i^, 

we infer multQ(/*v?) + l-multQ(i?x') > 0, i.e. (/*</?)+ [--B] is effective 
at Q. □ 

Remark 3.3. Let /: {X,B) ^ F be a X-trivial fibration. If L is a 
Q-Cartier divisor on Y, let B' := B + f*L. Then /: (X, B') ^ F is a 
i^'-trivial fibration, with moduli Q-b-divisor M' = M, and discriminant 
Q-b-divisor B' = B + L. 

4. Covering tricks and base change 

Theorem 4.1. [|] Let X he a non-singular quasi-projective variety en- 
dowed with a divisor D with simple normal crossings singularities, and 
let N be a positive integer. Then there exists a finite Galois covering 
t: X ^ X satisfying the following conditions: 

{1) X is a non-singular quasi-projective variety, and there exists 
a simple normal crossings divisor Ex such that t is etale 
over X \ Sx, and r~^(Sx) is a divisor with simple normal 
crossings. 

(2) The ramification indices of r over the prime components of 
D are divisible by N . 

Sketch of proof. We may assume that X is projective (by Hironaka's 
resolution of singularities, we can compactify to complement of snc in 
projective, construct the cover, and then restrict back to the original 
variety). Let A be a very ample divisor such that NA — Di is very 
ample for each component Di of D. Let n = dim(X). There exists 
h['\ ...,Hi'^ e\NA-D,\ for every A, such that := + Eij 
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is a divisor with simple normal crossings. Let X = UUa be an affine 

The field extension L : = 

Let X be the 



cover, 



and let Di + Hf = {^'fl) on U, 



/c(X)[(<^^'^)jv; j] is independent of the choice of a 
normalization on X in L. Then X is non-singular and r is a Kummer 
cover, etale outside Sx, and r~^(Sx) has simple normal crossings. □ 

Remark 4.2. In the above notations, assume that q: y ^ X is a sur- 
jective morphism from a non-singular quasi-projective variety Y such 
that Q~^{D) has simple normal crossings. Then we may assume that 
r : X — >■ X fits into a commutative diagram 



X 



X 



Y 



Y 



satisfying the following properties: 

(1) z/ is a finite covering and g is a. projective morphism. 

(2) Y is non-singular quasi-projective. 

(3) There exists a simple normal crossings divisor Sy such that 
V is etale over Y \ Sy, z/~^(Sy) has simple normal crossings, 
and Q~^{Tix) ^ Sy. 



Proof. In the proof Theorem we may choose the divisors if -'^ so 



that Q ^(-D + ^ijH^j'') is a divisor with simple normal crossings on 
Y . Let Tl : F y be the normalization of the main component of the 
pull back of r to y. 



X 



X 



Y 



Y 



Y 



Yi 



Then ti is a finite cover whose ramification locus is contained in the 
simple normal crossings divisor q~^{11x)- Let N' be the least common 
multiple of its ramification indices, and construct by Theorem |4.1| a 
finite cover vr: Yi — > F with respect to Q^^iT^x) and N' . Let Y /Yi be 
the normalization of the main component of the pull back of ri to Yi. 
The induced map v: Y — > Y is a finite cover. By construction, Y/Yi is 
etale, hence Y is non-singular. There exists a simple normal crossings 
divisor Sy containing q~^(T,x) such that vr is etale over Y \ Sy and 
7r^^(Sy) has simple normal crossings. Therefore i^~^(Sy) has simple 
normal crossings. □ 
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Theorem 4.3. |14, (Semi-stable reduction in codimension one) Let 
f : X ^ Y be a surjective morphism of non- singular varieties. Assume 
Sx, Sy are simple normal crossings divisors on X and Y respectively, 
such that /~^(Sy) C Sx and f is smooth over Y \ Sy. Then there 
exists a positive integer N such that the following hold: 

Let IT : Y' ^ Y be a finite covering from a nonsingular variety Y' 
such that T^Y' '■= 7r^-'^(Sy) has simple normal crossings and N divides 
the ramification indices o/tt over the prime components ofHy'- Then 
there exists a commutative diagram 




with the following properties: 

(a) X' is non-singular and Sx' := vr'~^(Ex) has simple normal 
crossings, where it' : X' ^ X is the induced projective mor- 
phism. 

(b) p is projective, and is an isomorphism above Y' \ Sy/. In 
particular, f is smooth over Y' \ Sy/ . 

(c) /' is semi-stable in codimension one; the fibers over (generic) 
codimension one points of Y' have simple normal crossings 
singularities. 

Sketch of proof . Let /*(Ex) = ^riji^j, and let be the least common 
multiple of the n^'s corresponding to components Ei which dominate 
some component of Sy. Consider a finite base change Y' ^ Y as 
above. Then [|I^, IV] shows that over the generic point of each prime 
component Q of Sy/, X Xy Y' admits a resolution with the desired 
properties. Therefore there exists a closed subscheme B G X Xy Y', 
supported over Sy, and a closed subset Z C Ey/ with codim(Z, Y') > 
2, such that the blow-up of X Xy y in i? has the desired properties 
over Y' \ Z. Then we may take X' to be any resolution of the blow-up, 
which is an isomorphism outside its singular locus, and such that (a) 
holds. □ 

Theorem 4.4. ^ Let f : X ^ Y be a projective morphism of non- 
singular algebraic varieties. Assume f is semi-stable in codimension 
one, and there exists a simple normal crossings divisor Sy such that f 
is smooth over Y \ Sy . Then the following properties hold: 

(1) f^uJx/Y is a locally free sheaf on Y. 



BOUNDARY PROPERTY 



13 



(2) f*uJx/Y is semi-positive; let u : C ^ Y be a proper morphism 
from a non-singular projective curve C, and let C be an in- 
vertible quotient of u*{f^uJx/Y) ■ Then deg(£) > 0. 

(3) Let q: Y' ^ Y be a projective morphism from a non-singular 
variety Y' such that f)~^(Sy) is a simple normal crossings 
divisor. Let X' {X Xy Y')main be a resolution of the com- 
ponent of X XyY' which dominates Y' , and let h: X' ^ Y' 
be the induced fibre space: 

X- X' 



f 



r 



g 

Y ^ Y' 

Then there exists a natural isomorphism Q*{f*uJx/Y)^fi^x'/Y' 
which extends the base change isomorphism over Y \ Sy. 

Sketch of proof. By the Lefschetz principle and flat base change, we 
may assume k = C Let Yq = Y \ Sy,Xo = f~^{Yo), and let d = 
dim(X/F). The locally free sheaf Ho := R'^f^Qxo ®Qyo is en- 
dowed with the integrable Gauss-Manin connection and is the under- 
lying space of a variation of Hodge structure of weight d on Yq, with 
F'^Hq = f^uxo/Yo- Since / is semi-stable in codimension one, Hq has 
unipotent local monodromies around the components of Sy. Let H be 
the canonical extension @] of Hq. By Schmid's asymptotic behaviour 
of variations of Hodge structure, the natural inclusion 

f.uJx/Y-^J*{F''Ho)nH 

is an isomorphism and f^ijJxjY is locally free p|. The semi-positivity 
follows from unipotence and Griffiths' semi-positivity of the curvature 
of the last piece of a variation of Hodge structure P, |[. 

For base change, the sheaf fluJx'/Y' is independent of birational 
changes in X' over Y' . Thus we may assume that X' X Xy y 
is an isomorphism above Y' \ Sy^, where Sy/ = ^^^(Sy). Let Hq 
be the variation of Hodge structure on Y' \ induced by /', and 
let H' be its canonical extension to Y' . Since Hq has unipotent local 
monodromies around the components of Sy, the canonical extension 
is compatible with base change JTO], Proposition 1]: 

H'^Q*H. 

This isomorphism preserves the extensions of the Hodge filtration, 
hence it induces an isomorphism Q*{f*uJx/Y)—^fl^x'/Y'- D 
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Theorem 4.5. [0, 3 Let f: X ^ Y be a contraction from a non- 
singular projective variety X to a projective curve Y , and let E be 
a quotient locally free sheaf of f^ux/y- If deg(det(£')) = 0, then 
det{E)^"^ ~ Oy for some positive integer m. 

Sketch of proof. By |^ , is a local system which is a direct summand 
of f^uJx/Y- Since E\yo is a local subsystem of the variation of Hodge 
structure Hq, det{E\Y^)'^"^ ~ Oy^ for some positive integer m [Q. By 
flatness, det(E)®'" ~ Cy. □ 

5. An auxiliary relative 0-log pair 



We prove Theorems p.5| , |0.1| in this section. The following finite base 
change formula is essential: 

Lemma 5.1. Theorem 3.2] Consider a commutative diagram of 
normal varieties 

{X,B)^{X',Bx') 



r 



Y 



Y' 



with the following properties: 

(1) {X, B) is a log pair with log canonical singularities over the 
generic point ofY. 

(2) T is a finite morphism and v is generically finite, f, f are 
proper surjective. 

(3) u*{K + B) = Kx'^Bx'. 

Let By and By' be the discriminants of K + B and Kx' + Bx' on 
Y and Y' respectively. Then t*{Ky + -By) = Ky' + -By (pull back of 
Q-Weil divisors under a finite morphism) . 

The category of -ftT-trivial fibrations is closed under generically fi- 
nite base changes. In order to normalize the discriminant -By and the 
moduli part My, we have to replace the generic fibre of X/Y by a 
generically finite cover. The property rank f^Ox{\-^{X, B)]) = 1 is 
not invariant under this operation, thus we will consider an auxiliary 
fibre space (cf. [jlO|, |l^). Throughout this section we consider the fol- 
lowing set-up: 

{X,B)^X^{V,By) 

/ , 

" h 
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/: (X, i?) — s> y is a i^T-trivial fibration, b = b{F, Bp) and 

K + B + ^{ip)^ riKy + By + My) 

n: X ^ X is the normalization of X in k{X)(ip^) and d: V X is 

a birational map from a non-singular variety V. The induced rational 
map g: V— — ^ X is generically finite, so there exists a unique log 
structure {V,Bv) such that g: {V,Bv)— — > {X,B) is crepant. We 
assume the following properties hold: 

(i) X, V, Y are non-singular quasi-projective varieties endowed 
with simple normal crossings divisors Ex, Ey, Ey on X, V 
and Y respectively. 

(ii) / and h are projective morphisms. 

(iii) / and h are smooth over Y \ Ey, and E^/F and Ey/y have 
relative simple normal crossings over Y \ Ey. 

(iv) /-i(Ey) C Ex, /(E^) C Ey and h-^Ey) C Ey, /i(E^) C 

Ey. 

(v) B, By and By, My are supported by E^, Ey and Ey, re- 
spectively. 

In this context, the properties (1) and (2) in the definition of the 
7^-trivial fibration / : (X, B) ^ Y are equivalent to the following 
properties: l—Bp] is an effective divisor and dimfcif°(F, [— fij;']) = 1. 

Lemma 5.2. The following properties hold for the above set-up: 

(1) The extension k(y)/k{X) is Galois and its Galois group G 
is cyclic of order b. There exists ip G k{V)^ such that ip^ = Lp 
and a generator of G acts by ip ^ (ip, where ( & k is a fixed 
primitive b^^-root of unity. 

(2) The relative log pair h: {V,By) Y satisfies all properties 
of a K -trivial fibration, except that rank/*Cx(rA(V, 5y)]) 
might he bigger than one. 

(3) Both f : {X, S) — > y and h : (V, By) — > Y induce the same 
discriminant and moduli part on Y . 

(4) The group G acts naturally on h^.Ov{Kv/y) . The eigen- 
sheaf corresponding to the eigenvalue ( is C := f^,Ox{\—B -\- 

f*By + f*My])-,lj. 

(5) Assume that h: V ^ Y is semi-stable in codimension one. 
Then My is an integral divisor, C is semi-positive and C — 

Oy{My)-ij. 

Proof (2) We have Ky + By + = h*{Ky + By + My), and clearly 
{V, By) has Kawamata log terminal singularities over the generic point 
of y. The generic fibre H oi h is a, non-singular birational model of 
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the normalization of k{F) in k(F)((ip\p)T^). Since b is minimal with 
b{Kp + Bp) ~ 0, i7 is connected. Therefore Oy = /i*Oy, i.e. /i is a 
contraction. 

(3) It follows from (2) and Lemma |5.1| . Note that the assumption 
Tank f^Ox{\A.(y, By)]) = 1 is not required in the definition of the 
discriminant and moduli part. 

(4) The group G acts on f^:Ox{Kj^^Y)- Its decomposition into eigen- 
sheaves is 



6-1 

j\0^{Kj,/y) = f.Oxilil - i)Kx/Y -iB + if* By + ^/^My] ) ■ 

i=0 



Since B — f*{BY + My) is supported by the simple normal crossings 
divisor Sx, X has rational singularities. In particular, h^OviKv/y) = 
f^Ox^Kx^y) is independent of the choice of V. 

(5) By the semi-stable assumption, there exists a big open subset 
C y such that {—By + /i*-By)|/j-i(yt) is effective and supports no 
fibres of h. Since {iP\f) + Kh = —Bh > 0, ip is a rational section 
of h^OviKv/y). Furthermore, ip ^ (ip implies that ip is a rational 
section of C. Therefore C C k{Y)ip, since C has rank one by (vi) and 
(4). We have {h*a ■ tp) + Ky/y = h*{{a) + My) + {-By + h*By). 

Since —Bv + h*By is effective over F^, we infer that Oy{My)ip\Yi C 
h^:Ov{Kv/y)\yi . Therefore Oy(My)-?/'|yt C £|yt. Conversely, let h*a- 
'0 be a section of C. Then h*a ■ ip is a section of h^,Ov{Ky/y), i.e. 
{h*a ■ ip) + Kyjy > 0. Since —By + h*By contains no fibres over 
codimension one points of Y, this implies (a) + My > 0. In particular, 
£ C Oy{My)ij. Therefore Cy(My)V^|yt = C\y^. Since Ft c y is 
a big open subset, this implies C** = Oy{MY)ip. By Theorem O, 
h^,Oy{Ky/y) is locally free and semi-positive. Its direct summand £ is 
locally free and semi-positive as well, hence the conclusion. 

Finally, over each prime divisor P oiY there exists a prime divisor 
Q of X such that h{Q) = P and multQ(-5y + h*By) = 0. We infer 
from (2) that multg h*{My) G Z. But multg h*{P) = 1, therefore My 
is an integral Weil divisor. □ 



Remark 5.3. Let 7: F' — F be a generically finite morphism from a 
non-singular quasi-projective variety Y'. Assume there exists a simple 
normal crossings divisor Sy/ which contains 7~^(Sy) and the locus 
where 7 is not etale. By base change, there exists a commutative 
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diagram 




such that (y'jByi)— {X',Bx') Y' satisfies the same proper- 
ties (i)-(v). Here Bx',Byi are induced by crepant pull back, Sx' ^ 
cT-^(Sx), 5 and = a*ip e k{X'Y ■ We say that the set- 

up {y\ By)- {X\ Bx') Y' IS induced by {V, By) {X, B) ^ Y 
via the base change 7: Y' ^ Y. 

Proposition 5.4. There exists a finite Galois cover r: Y' Y from 
a non-singular variety Y' which admits a simple normal crossings di- 
visor supporting t~^{T,y) (^nd the locus where t is not etale, and such 
that h' : V Y' is semi-stable in codimension one for some set-up 
{V',Bv') > {X',Bx') —>■ Y' induced by base change. 

Proof. Let be the positive integer associated to ^ F by Theo- 
rem ^.31 . By Theorem [4.1| , there exists a finite Galois cover r : Y' Y 
such that r*(Sy) is divisible by and there exists a simple normal 
crossings divisor Sy/ containing r^^(Sy) and the locus where r is not 

etale. By Theorem |4.^, there exists an induced set-up {V',Bv') > 

{X', Bx') — > Y' induced by base change, so that h' : V ^ Y' is semi- 
stable in codimension one. □ 

Proposition 5.5. Let 'j: Y' Y be a generically finite projective 
morphism from a non-singular variety Y' . Assume there exists a simple 
normal crossings divisor Sy/ on Y' which contains 7~^(Sy), and the 
locus where 7 is not etale. Let Myi be the moduli part of the induced 
set-up {V',Bv') > {X',Bx') ^ Y' . Then -f^My) = My,. 

Proof. Step 1: Assume that V/Y and V'/Y' are semi-stable in codi- 
mension one. In particular. My and My, are integral divisors. Since h 
is semi-stable in codimension one. Theorem [4.4| implies 



h:Oy,{Ky,/y,)^^*{KOy{Kv/y)). 

This isomorphism is natural, hence compatible with the action of the 
Galois group G. We have an induced isomorphism of eigensheaves 
corresponding to (: 7*Oy(My) ~ Oy,{My,). Therefore 7*My - My, 
is linearly trivial, and is exceptional over Y. Thus 7*My = My,. 
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Step 2: By Theorem O and Theorem 11, we can construct a com- 
mutative diagram 



Y 



Y 



Y' 



Y' 



as in Remark [4 .21 , so that V /Y is semi-stable in codimension one for 

an induced set-up {V.By) > {X,Bx) — > Y. 

By Theorem [4.3| and Theorem |4.1| , we replace Y' by a finite covering 
so that V'/Y' is semi-stable in codimension one for an induced set-up 
{V',Bv') > {X',Bx,) Y'. By Step 1, we have My, = y*(My). 



Since r and t' are finite coverings, Lemma [Ol implies r*(My 



Y 



and t'*{My') = 
My, = 7* (My) 



My,. Therefore r'*(My, - 7*(My)) 



0, which implies 

□ 



Proof, (of Theorem ^ Let / : (X, B) 
with b = b{F, Bp) and 



y be a i^T-trivial fibration 



K + B + -{^) 



riKy + By + My] 



We replace X by a resolution, so that X is non-singular, quasi-projective, 
and B — f*{BY + My) is supported by a simple normal crosings divi- 
sor Ex- Let V he a. resolution of the normalization of X in k{X){(pb) 
such that By has simple normal crosssings support. We may assume 
that /, h are projective morphisms, after a birational base change. 

Then there exists a closed subvariety E/ C F such that (y,Bv) ^ 

{X, B) ^ Y satisfies the assumptions of the set-up in the beginning of 
this section, except that S f may not be the support of a simple normal 
crosssings divisor. Let a : Y' ^ Y he an embedded resolution so that 
Sy, := (T^^(Sj) is a divisor with simple normal crossings. There exists 

an induced set-up {V',Bv') > {X',B') Y'. 

We claim that a* (My,) = My„ and (x*{Ky> + By,) = Ky» + By„ 
for every birational contraction a : Y" Y' . By Hironaka's resolution 
of singularities, there exists a diagram of birational morphisms 



Y" 



Y' 



Y" 




such that Y'" is a non-singular quasi-projective variety admitting a 
simple normal crossings divisor which supports cr'~^(I]y,) and the ex- 
ceptional locus of Y'" jY'. By Proposition |]5], a'* (My,) = My„, and 
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consequently a'*{KY' + By/) = Ky" + By///. Since Y'" /Y" is a bira- 
tional morphism, the claim follows. 



Let r : Y' ^ Y' he & covering given by Proposition |5.4 By Lemma ^ 
My/ is a Cartier divisor and OyiiMy') is a semi-positive invertible 
sheaf. In particular, My/ is nef/S". But r*(My/) = My/ according to 
Lemma [SH] , hence My/ is nef/S. □ 

Proof, (of Theorem |0]1|) By the Lefschetz principle, we may assume 
k = C After a finite base change (Lemma |5]2), we may assume that 
the induced root fiber space h: V —>■ Y is semi-stable. By construction, 
the invertible sheaf C := Oy{My) C h^uJv/Y is a direct summand. 

We know that My is a nef Cartier divisor on the curve Y. If 
deg(My) > 0, then My is ample, in particular semi-ample. If deg(My) = 
0, Theorem [4.5| implies C^"^ ~ Oy, so My is semi-ample. □ 



6. Asymptotically saturated algebras 



We first recall some terminology from |]TB|. Let tt: X ^ S* be a 
proper morphism. A normal functional algebra of X/ S is an Os-sdgehia 
of the form 

oo 

/: = 7^x/5(M.) = 07^,Ox(M,), 

i=0 

where {Mj} is a sequence of b-free/S* b-divisors of X such that Mj + 
Mj < Mj+j for every i and j. The sequence of Q-b-divisors Dj = 4Mj 
is called the characteristic sequence of C The algebra £ is bounded if 
there exists an R-b-divisor D of X such that Dj < D for every i. By 
the Limiting Criteria [^, Theorem 4.28], the Os-dlgehia. C is finitely 



generated if and only if the characteristic sequence D, is constant up 
to a truncation. For an R-b-divisor A, the algebra C is asymptotically 
A-saturated, if there exists a positive integer / such that 

7r,Ox{\A + jT>i]) C 7r,Ox{Mj) for 

The Kodaira dimension of C is := maxj /t(X/S', Mj). We say 

that £ is a big algebra if k(£) = dim(X/S'). 

Definition 6.1. Let £ be a normal functional algebra of X/S. There 

exists a unique rational map with connected fibers / : X >Y/ S and 

a normal functional algebra C of Y/ S, such that /* : £' ^ £ is a quasi- 
isomorphism and jC' is a big algebra. We say that (/, £') is the litaka 
fibration of C 

Proof 0, Lemma 6.22] Let C = TZx/siM,). Since + < 
Mj_|_j and the Mj's are b-free, there exists / G N and a rational map 
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/: X > Y/S which is the litaka contraction of Mj for every i divis- 
ible by /. Up to a quasi-isomorphism, we may assume that the b-free 
b-divisors Mj are effective. Since / has connected fibers, there exists a 
convex sequence M', such that Mj = /*(M^) for every In particu- 
lar, £ is quasi-isomorphic to the big algebra C := TZy/sC^',)- D 

Lemma 6.2. Let (/: X > Y/S,C') be the litaka fibration of a nor- 
mal functional algebra C If C is asymptotically A-saturated, then 
Tank flOx'{\-A]) < 1, where f':X'—^Yisa regular representative 
of the rational function f . 

Proof. We may assume that f = f and C = TZx/sif*'^',), where 
C = 7^y/5(M',) is the induced big algebra. By assumption, there exists 
i such that Dj is b-big/S". After passing to higher models, we may 
assume that Dj descends to Y. There exists a birational contraction 
fi: Y Z/S and an ample/S Q-divisor H on Z such that (Di)y ~q 
fi*H. For j sufficiently large and divisible, the O^-sheaf 

Mf*Oxi\A + jf*n,])) = fiJ^OxilA]) ® OzijH) 

is TT-generated. Therefore rA+j/*Dj] ) is generically vr-generated. 

Asymptotic saturation implies that [A + j/*Dj] ) is contained 

in the b-divisorial sheaf (9y(Mj) on an open subset of Y . The latter 
has rank one, hence /*(9x(rA]) has rank at most one. □ 

Proposition 6.3. (cf. [0, Proposition 4.50]j Consider a commutative 
diagram 

{x,B) — ^ 



s 

and a normal functional algebra C = TZx/s(^») with the following 
properties: 

(a) /: {X,B) —>■ Y is a K -trivial fibration. 

(b) C is bounded and asymptotically A{X, B)- saturated. 

(c) There exist b-divisors of Y such that Mj = /*(M-) for 
all i. 

Then CJ := TZy/sC^',) is a normal bounded functional algebra of 
Y/S, which is asymptotically A^iv- saturated. Moreover, the natural 
map f*:C'—*Cis an isomorphism of Os- algebras. 

Proof. It is clear that C is a functional algebra of Y/ S, and f*:C—>-C 
is an isomorphism of (95-algebras. The algebra is normal since each 
is b-free. Let D- = be the characteristic sequence of C. 
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We first check that CJ is bounded. After passing to higher mod- 
els, we may assume that there exists an effective Cartier divisor E on 
X such that /*D^ = Dj < i?. Let E' be the divisorial support of 
/(Supp(-E'^)) C Y . For each we can find a birational model X' jY' 
of XjY ^ fitting in the commutative diagram 

X-^X' 

f r 

Y ^ Y' 

such that D- and Dj descend on Y' and X' respectively. In particular, 
/'*((D9y') < h*E. Since D- is effective and Y' /Y is an isomorphism 
over a big open subset of F, we conclude that (D^)y is supported by 
E' . This holds for every hence D', is bounded. 

It remains to check asymptotic A^j^-saturation. Fix two integers i,j 



which are divisible by /. By Theorem p.5| , we may assume the following 
properties hold (after a birational base change): 

(i) X, Y are non-singular. 

(ii) D-,D^- descend to Y (in particular Dj,Dj descend to X). 
Denote D[ = (D^y and D'^ = (D;.)y. 

(iii) Supp(-B) U Supp(/*Dj') and Supp(By) U Supp(D-) are simple 
normal crossings divisors on X and Y, respectively. 

(iv) Adi, = A{Y,By). 

Under these assumptions, the saturation for i,j means 

TT^Oxil-B+jf-D';]) C TT^OxUrO'^) 

By Lemma p.2| and Remark p.3| , 

f.Ox{\-B+ jTD';] ) = OY{\-By+ jD';\ ) . 

Since 7T,OxUf*D'j) = a,Cy(M;.), we infer 

a,Oy([-By + C a^OvUD'^). 

Therefore a.Oy ( [A^i^ + jD^] ) C a.OyiM'j), by (i)-(iv) again. □ 

Example 6.4. (Reduction to big algebras) Let {X/S,B) be a relative 
log pair, and let £ be a normal, bounded functional algebra with litaka 
fibration (/: X > Y/S,C'), satisfying the following properties: 

(i) Kx' + Bx' ~Q f'*D, where /': X' — s> F is a regular model of 
/ and Bx' is a crepant boundary {A{X,B) = A{X' , Bx'))- 

(ii) (X', Bx') has kit singularities over the generic point of Y. 

(iii) £ is asymptotically A(X, i?)-saturated. 
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By Lemma |6.2| , /': (X', Bx') Y is a. i^-trivial fibration. By The- 
orem p.5| and Proposition |6.3| , we may replace y by a higher birational 
model so that the following properties hold: 

(a) Arf,„ = A(F,By). 

(b) Kx' + Bx' ~Q f'*{KY + By + My). 

(c) C is normal, bounded and asymptotically A(Y, By)-saturated. 
The above example is a first step towards a reduction of (OLP) alge- 



bras JTS], Remark 4.40]) to the big case. To complete the reduction, we 
need to know that the moduli b-divisor M is b-semi-ample. However, 
the b-nef property of the moduli b-divisor is enough for some applica- 
tions to the Fano case. We show that the restriction of an FGA algebra 
to an exceptional log canonical centre is again an FGA algebra (cf. [l^. 
Proposition 4.50] for Ic centers of codimension one): 

Theorem 6.5. Let {X/S, B) be a relative generalized Fano log variety, 
letv: W —>■ X be the normalization of an exceptional Ic centre of{X, B) 
and let C = TZx/s(^») be a normal bounded functional algebra of X/S 
such that the following hold: 

(i) C is asymptotically (A(X, 5) + E)- saturated, where E is the 
unique Ic place over W . 

(ii) There exists an open subset f/ C X such that U fl v{W) ^ 0, 
Tiiiu = D\u Vz for some 'Q^-C artier divisor D on X . 

(ii*) U contains {X,B)^^ fl ^{W) and C fl I'iW), for every Ic 
centre C u{W) of{X,B). 

Then there exists a well defined restricted algebra £.^1/ ofW/S, with 
the following properties: 

(1) C<■^y = TZw/s(^'i) is a normal, bounded functional algebra. 

(2) C<^r is A(W, B\y) -saturated, where (W/ S, B]y) is a relative 
generalized Fano log variety. 

(3) LCS{W, Bw) C U' := U\w and T>'i\u' = l^u' for every i. 

(4) The Os-algebras and C^^ are quasi-isomorphic. 

Proof. Let H be an ample/ S Q-divisor on X such that —{K+B + H) is 
ample/S*. Then |P, Theorem 4.9] constructs an effective Q-divisor B^y 
on W such that (W/ S, B^r) is a relative generalized Fano log variety 
with {K + B + H)\w ~Q Kw + Bw and LCS(iy, Bw) is contained in 
the union of (X, -B)_oo and all Ic centres of (X, B) different than i>{W). 
In particular, LCS(W, Bw) C U' . Consider the induced diagram: 

{E,Be) C {X'.Bx') 

i i 
W (X, B) 
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By adjunction and Kawamata-Viehweg vanishing, £1^; is asymptot- 
ically A(_E, i?£;)-saturated |jl8|, Proposition 4.50]. By (ii), there ex- 
ist b-free/S* b-divisors M'^ of W such that M^.^; = h*{M.[) for ev- 
ery i. By construction, {E,Be) — > W/S is a i^-trivial fibration for 
which Proposition ^]3| applies. Therefore := TZw/sC^'i) is quasi- 
isomorphic to C<e, it is normal, bounded and asymptotically A^™- 
saturated. From the construction of Bw (choosing W high enough 
so that Adiv = A{W' ,'Bw'), in the proof of H, Theorem 4.9]), we 
have A{W, Bw) < Adiv Therefore C<w is asymptotically A(W,B\y)- 
saturated. 

Finally, Dilu = D\u implies D^|(/' = -D|{/'- D 



7. Parabolic fiber spaces 

A parabolic fiber space is a contraction of non-singular proper vari- 
eties f: X ^ Y such that the generic fiber F has Kodaira dimension 
zero. Let b be the smallest positive integer with {bXpl 7^ 0. We fix a 
rational function ip G k{X)^ such that K + ^(v^) is effective over the 
generic point of Y. 

Definition-Proposition 7.1. (cf. §, Corollary 2.5]) Let f : X Y 
be a parabolic fiber space with a choice of a rational function (f, as 
above. There exists a unique b-nef Q-b-divisor M = M(/, (p) of Y 
satisfying the following properties: 

(1) Let g: Y' —* F be a surjective proper morphism, and let 
/' : X' — > Y' be an induced parabolic fiber space: 

X^X' 



f 



r 



e 

Y ^ Y' 

Then p*M(/, (^) ~q M(f,z/». Moreover, p*M(/,(^) = 
M(/', v*'^)) if Q is generically finite. 
(2) If / is semi-stable in codimension one, then 

j.Ox{iKxT = Oy{z{Ky + My)) ■ ^\ 

b\i b\i 

We say that M = M(/, </)) is the moduli Q-b-divisor associated to 
the parabolic fiber space /. If ip' is another choice of the rational 
function, then 6M ~ 6M'. Therefore 6M is uniquely defined up to 
linear equivalence. 
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Proof. There exists Proposition 2.2] a unique Q-divisor Bx on X 
satisfying the following properties: 

(i) K + Bx + liv) = f*D for some D G Div(F)Q. 

(ii) There exists a big open subset Y'' CY such that —Bx \ /-i(yt) 
is effective and contains no fibers of / in its support. 

One can easily check that /: {X,Bx) —^Yisa i^-trivial fibration. 
Let B, M be the induced discriminant and moduli b-divisors of Y. 

Note that if X > X' is a birational map over Y, then {X, Bx) > 

{X',Bx') is crepant, i.e. A{X,B) = A{X',Bx'). Also, [BJ = 0. 
We claim that M = M(/, ip) (the uniqueness is clear by semi-stable 
reduction in codimension one). Since k{F) = 0, and 

K+Bx + l{v) = + By + My), 



we infer that f,Ox{tKT* = OyiiiKy + By + My)) ■ ip' for b\i. If / is 
semi-stable in codimension one, then By = 0. Therefore (2) holds. 

By Theorem 2^, M is b-nef. We may replace / by a birational 
base change so that M descends to Y: M = My. If g is generically 
finite, (1) holds by inversion of adjunction for finite morphisms (cf. 0, 
Proposition 4.7]). For general g, we imitate the proof of Proposition |5.5| 
with the following simplifications: the root fiber space h: V ^ Y is 
parabolic as well; if h has simple normal crossings degeneration and 
is semi-stable in codimension one, then My is an integral divisor and 
KOv{Kv/y) = Oy{My) ■ V. □ 

A non-singular projective variety X has a good minimal model if it 
is birational to a normal projective variety Y such that Y has terminal 
singularities and Ky is semi-ample. This holds if dim(X) < 3, by the 
Minimal Model Program and Abundance (see [|16|)- The following is a 
generalization of |TD|, Theorem 13]: 



Theorem 7.2. Let f : X ^ 

its geometric generic fibre F 
model over k{Y). Then there exists a diagram 



Y be a parabolic fiber space such that 
= X Xy Spec(/c(F)) has a good minimal 



X 



X 



X' 







I 


f 


_ r - 


e 



Y 



Y 



such that the folowing hold: 

(1) / and f are parabolic fiber spaces. 

(2) r is generically finite, and g is a proper dominant morphism. 

(3) / is birationally induced via base change by both f and /'. 
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(4) r*M = M ~Q g*M.- , where M, M, M' are the corresponding 
moduli Q-b-divisors. 

(5) M' is b-nef and big andVaT(f') = dim(y'). 

In particular, k(M) = Var(/), where Var(/) is the variation of the 
fiber space f . 

Proof. By the definiton of the variation of a fibre space, there exists 
a diagram as above, satisfying (1), (2), (3) and such that dim(F') = 
Var(/) = Var(/'). After a generically finite base change, we may also 
assume that M' descends to Y\ and f is semi-stable in codimension 
one. 

By (3) and Definition-Proposition |7. 1| , (4) holds. In particular, 
k(M) = k(M'). Since F has a good minimal model, Viehweg's Q{f') 
Conjecture holds |]ll]. Theorem 1.1. (i)], that is the sheaf (/it^^i/yi)** 



is big for i large and divisible. But ~ Oy!(zM!^,) for h\i, 

since /' is semi-stable in codimension one. Equivalently, /t(y',My,) = 
dim(y'). Therefore M' is b-nef and big. □ 



References 

[1] Ambro, F., The Adjunction Conjecture and its applications, preprint 

|math.AG/9903060| . 
[2] Ambro, F., On minimal log discrepancies, Math. Res. Letters 6, (1999) 

573-580. 

[3] Ambro, F., Quasi-log varieties^ In Birational Geometry: Linear systems 

and finitely generated algebras. A collection of papers. Iskovskikh, V.A. 

and Shokurov, V.V. Editors. Proc. of Steklov Institute 240, 2003. 
[4] Deligne, P., Equations differentielles a points singuliers reguliers, Lecture 

Notes in Mathematics 163, 1970. 
[5] Fujino, O., Mori, S., A canonical bundle formula, J. Differential Geom. 

56 (2000), no. 1, 167-188. 
[6] Fujita, T., On Kdhler fiber space over curves, J. Math. Soc. Japan, 30 

(1978), 779-794. 

[7] Fujita, T., The sheaf of relative canonical forms of a Kdhler fiber space 

over a curve, Proc. Japan Acad. Sci., 54, Ser. A (1978), 183-184. 
[8] Kawamata, Y., Characterization of abelian varieties varieties, Comp. 

Math. 43 (1981), fasc. 2, 253-276. 
[9] Kawamata, Y., Kodaira dimension of algebraic fiber spaces over curves, 
Inv. Math. 66 (1982), fasc. 1, 57-71. 
[10] Kawamata, Y., Kodaira dimension of certain algebraic fiber spaces, 

J.Fac.Sci.Univ.Tokyo 30 (1983), 1-23. 
[11] Kawamata, Y., Minimal models and the Kodaira dimension of algebraic 

fibre spaces, J. Reine Angew. Math 363 (1985), 1-46. 
[12] Kawamata, Y., Subadjunction of log canonical divisors for a variety of 
codimension 2, Contemporary Mathematics 207 (1997), 79-88. 



26 



FLORIN AMBRO 



[13] Kawamata, Y., Subadjunction of log canonical divisors, II, Amer. J. Math. 
120 (1998), 893-899. 

[14] Kempf, G.; Knudsen, F. F.; Mumford, D.; Saint-Donat, B, Toroidal em- 
beddings. I., Lecture Notes in Mathematics 339, Springer- Verlag, Berhn- 
Ncw York, 1973. 

[15] Mori, S., Classification of higher- dimensional varieties. Algebraic geome- 
try, Bowdoin, 1985, Proc. Sympos. Pure Math., 46, Part 1, AMS, 269-331. 

[16] Mori, S., Flip theorem and the existence of minimal models for 3-folds, 
Journal of AMS, 1 (1998), 117-253. 

[17] Prokhorov Yu.G., Shokurov V.V., The second main theorem on comple- 
ments: from local to global, preprint in preparation. 

[18] Shokurov, V. V., Prelimiting flips, In Birational Geometry: Linear sys- 
tems and finitely generated algebras. A collection of papers. Iskovskikh, 
V.A. and Shokurov, V.V. Editors. Proc. of Steklov Institute 240, 2003. 

[19] Viehweg, E., Weak positivity and the additivity of the Kodaira dimension 
for certain fibre spaces, Algebraic varieties and analytic varieties (Tokyo, 
1981), 329-353, Adv. Stud. Pure Math., 1, North-Holland, Amsterdam, 
1983. 



DPMMS, CMS, University of Cambridge, Wilberforce Road, Cam- 
bridge CB3 OWE, UK. 

E-mail address: f . ambroQdpmms . cam .ac.uk 



